Abstract. Let Pn denote the set of positive integers which are prime to n. Let Bn be the n-th Bernoulli number. For any prime p ≥ 11 and integer r ≥ 2, we prove that
Introduction
It is well known that the n-th Bernoulli number B n is defined by the series
For example, B 0 = 1, B 1 = − 1 2 , B 2 = 1 6 and B 2n+1 = 0 for all n ≥ 1. There are many interesting congruences related to some special sums and Bernoulli numbers. For example, using partial sum of multiple zeta series, Zhao [10] proved that for any prime p ≥ 3, By using some combinatorial identities, Ji [2] gave a simple proof of this congruence. Zhou and Cai [12] gave a generalization by establishing a congruence involving arbitrary number of variables. Namely, they showed that l1+···+ln=p, l1,··· ,ln>0 1 l 1 l 2 · · · l n ≡ −(n − 1)!B p−n (mod p) if 2 ∤ n; − n 2(n+1) n!B p−n−1 p (mod p 2 ) if 2|n, (1.2) where p ≥ 5 is a prime and n ≤ p − 2 is a positive integer. In 2014, by replacing prime p to prime power, the author and Cai [7] gave a new generalization of (1.1). Let P n denote the set of positive integers which are prime to n. We proved that for any prime p ≥ 3, In viewing of (1.2), it would be interesting to find some congruences similar to (1.3) by increasing the number of variables. For convenience, we define for 1 ≤ k < n that
In particular, we also use S n (p r ) to represent S
n (p r ) for convention. Zhao [11] found a similar congruence for S 4 (p r ). He proved that for any prime p ≥ 5 and integer r ≥ 2, Recently, the author [8] solved the case when there are five variables. We proved that for any prime p > 5 and integer r ≥ 2, For other related works, see [1] - [6] and [9] . Following their steps, the goal of this paper is to find some similar result for S 6 (p r ). It is worthy mention that by using integer relation detecting tool PSLQ, Zhao [11] found that if there exists a constant c ∈ Q such that for any r ≥ 2, S 6 (p r ) ≡ cp r B p−7 (mod p r+1 ), (1.5) then both the numerator and the denominator of c must have at least 60 digits. In this paper, we give the modulo p r determination of S 6 (p r ). Our result shows that the congruence satisfied by S 6 (p r ) is different from (1.5).
Theorem 1. Let p ≥ 11 be a prime and r ≥ 2 be an integer. We have l1+···+l6=p r l1,··· ,l6∈Pp
As a by-product, we have Theorem 2. Let p ≥ 11 be a prime and n be a positive integer. Suppose p r |n but p r+1 ∤ n for some positive integer r.
(ii) If r ≥ 2, then l1+···+l6=n l1,··· ,l6∈Pp
In particular, if n = p r (r ≥ 2), then part (ii) of Theorem 2 becomes Theorem 1. The idea for proving Theorem 1 is similar to the one for proving (1.4) used in [8] . Firstly, we will calculate S (k) 6 (p) (1 ≤ k ≤ 5) by using some properties of the p-restricted multiple harmonic sums defined by
Then we will establish the relation between S (k) 6 (p r+1 ) and S
6 (p r ), from which Theorem 1 follows by induction on r.
Preliminaries
In this section, we will give the modulo p determination of S (k)
This will be fundamental in the proof of Theorem 1. Before our discussion, we note that from [8, Lemma 1(i)], for any r ≥ 1 we have
Thus it suffices to give the modulo p determination of S (k)
Therefore, we only need to discuss S 6 (p). We define for k ≥ 1 that
We also define
There are some relations between H N and U N . For example, let S n denote the symmetric group of {1, 2, · · · , n}. It is easy to see that
where p is a prime. For any positive integer b, we have
Proof. When b = 1, this has already been proved, see [12, Lemma 3] . In particular, if b = n = 1, we have
By (2.3) we see that
Hence we have
This proves the lemma for n = 1. Now assume the lemma is true when the number of variables is less than n. We have
From the assumption above, we have
If r is odd, then
If r is even, similarly we can deduce
The proof of Lemma 1 is complete by induction on n.
Lemma 2. For any prime p ≥ 11, we have
6 (p) = 1 2p l1+l2+···+l6=2p li =p,1≤i≤6
u5<2p,l1,l2,l3,l4,l5,u5∈Pp
u5<2p,u5 =p li =p,1≤i≤5
We can split the last sum into four parts since we have 0<u1<u2<u3<u4<u5<2p u1,u2−u1,u3−u2,u4−u3,u5−u4,u5∈Pp
u1,u2,u3,u4,u5∈Pp u2−u1,u3−u2,u4−u3,u5−u4∈Pp + 0<u1<u2<u3<u4<u5<2p,u2=p u1,u2−u1,u3−u2,u4−u3,u5−u4,u5∈Pp + 0<u1<u2<u3<u4<u5<2p,u3=p u1,u2−u1,u3−u2,u4−u3,u5−u4,u5∈Pp + 0<u1<u2<u3<u4<u5<2p,u4=p u1,u2−u1,u3−u2,u4−u3,u5−u4,u5∈Pp
Now we calculate these sums one by one. For the second sum we have 0<u1<u2<u3<u4<u5<2p,u2=p u1,u2−u1,u3−u2,u4−u3,u5−u4,u5∈Pp
By (2.2) and Lemma 1 we have
By (2.6) we deduce that 0<u1<u2<u3<u4<u5<2p,u2=p u1,u2−u1,u3−u2,u4−u3,u5−u4,u5∈Pp
Similarly, for the fourth sum we have 0<u1<u2<u3<u4<u5<2p,u4=p u1,u2−u1,u3−u2,u4−u3,u5−u4,u5∈Pp
Now we turn to the third sum. We have 0<u1<u2<u3<u4<u5<2p,u3=p u1,u2−u1,u3−u2,u4−u3,u5−u4,u5∈Pp
From Lemma 1 we have
Hence by (2.9) we obtain 0<u1<u2<u3<u4<u5<2p,u3=p u1,u2−u1,u3−u2,u4−u3,u5−u4,u5∈Pp
(2.10)
Finally, for the first sum we have 0<u1<u2<u3<u4<u5<2p u1,u2,u3,u4,u5∈Pp u2−u1,u3−u2,u4−u3,u5−u4∈Pp
u1,u2,u3,u4,u5∈Pp
where
.
We have
Similarly,
(2.13)
and
From (2.12)-(2.15), applying (2.2) and Lemma 1, we deduce that
(2.16) Substituting (2.16) into (2.11), by Lemma 1 we obtain 0<u1<u2<u3<u4<u5<2p u1,u2,u3,u4,u5∈Pp u2−u1,u3−u2,u4−u3,u5−u4∈Pp
(2.17) Substituting (2.7), (2.8), (2.10) and (2.17) into (2.5), we obtain 0<u1<u2<u3<u4<u5<2p u1,u2−u1,u3−u2,u4−u3,u5−u4,u5∈Pp
From (2.4) we deduce that
This completes the proof of the lemma.
Now we are able to determine S
6 (p) modulo p.
Lemma 3. For any prime p ≥ 11, we have
Proof. By (1.2) we have S
6 (p) = l1+···+l6=2p l1,··· ,l6<p
Lemma 4. For any prime p ≥ 11, we have
It is not hard to see that R
u1,u3,u5∈Pp u2−u1,u3−u2,u4−u3,u5−u4∈Pp
Now we deal with these sums one by one. We have u1<u2=p<u3<u4<u5<3p u1,u3,u4,u5∈Pp u2−u1,u3−u2,u4−u3,u5−u4∈Pp
By (2.2) and Lemma 1 we have p<u3<u4<u5<3p u3,u4,u5,u4−u3,u5−u4∈Pp
By
In the same way, we have u1<u2<u3=p<u4<u5<3p u1,u2,u4,u5∈Pp u2−u1,u3−u2,u4−u3,u5−u4∈Pp
Again by (2.2) and Lemma 1 we have
, we deduce that u1<u2<u3=p<u4<u5<3p u1,u2,u4,u5∈Pp u2−u1,u3−u2,u4−u3,u5−u4∈Pp
(2.20)
Similarly, from Lemma 1 we have
(2.21)
In the same way, we can show that u1<u2=2p<u3<u4<u5<3p u1,u3,u4,u5∈Pp u2−u1,u3−u2,u4−u3,u5−u4∈Pp
22)
u1<u2<u3=2p<u4<u5<3p u1,u2,u4,u5∈Pp u2−u1,u3−u2,u4−u3,u5−u4∈Pp
and u1<u2<u3<u4=2p<u5<3p u1,u2,u3,u5∈Pp u2−u1,u3−u2,u4−u3,u5−u4∈Pp
Finally, we have u1<u2=p<u3<u4=2p<u5<3p u1,u3,u5∈Pp u2−u1,u3−u2,u4−u3,u5−u4∈Pp 
6 (p) ≡
6! 3p
u1<u2<u3<u4<u5<3p u1,u2,u3,u4,u5∈Pp u2−u1,u3−u2,u4−u3,u5−u4∈Pp
It is not hard to see that u1<u2<u3<u4<u5<3p u1,u2,u3,u4,u5∈Pp u2−u1,u3−u2,u4−u3,u5−u4∈Pp
ui+1−ui=uj+1−uj =p u1,u2,u3,u4,u5∈Pp
Now we deal with the sums in (2.27) one by one.
For a = 1 or 2, we have u1<u2<u3<u4<u5<3p,u2−u1=ap u1,u2,u3,u4,u5∈Pp
Similarly, we have u1<u2<u3<u4<u5<3p,u3−u2=ap u1,u2,u3,u4,u5∈Pp
29)
u1<u2<u3<u4<u5<3p,u4−u3=ap u1,u2,u3,u4,u5∈Pp a)p (2, 1, 2, 1) + H (3−a)p (2, 1, 1, 2) + H (3−a)p (1, 2, 2, 1) + H (3−a)p (1, 2, 1, 2) + H (3−a)p (1, 1, 2, 2 )
(2.32)
Next we consider the case when there exist 1 ≤ i < j ≤ 4 such that both u i+1 −u i and u j+1 − u j are divisible by p. Since u 5 − u 1 < 3p, we know that in this case we must have u i+1 − u i = u j+1 − u j = p. There are three possibilities. We could have j − i = 1, 2 or 3.
If j − i = 1, we have u1<u2<u3<u4<u5<3p u2−u1=u3−u2=p u1,u2,u3,u4,u5∈Pp
(2.34) and u1<u2<u3<u4<u5<3p u4−u3=u5−u4=p u1,u2,u3,u4,u5∈Pp 
(2.36)
Now we consider the cases that j − i = 2 or 3. We have u1<u2<u3<u4<u5<3p u4−u3=u2−u1=p u1,u2,u3,u4,u5∈Pp
and u1<u2<u3<u4<u5<3p u5−u4=u2−u1=p u1,u2,u3,u4,u5∈Pp
Combining (2.37)-(2.39), we deduce that u1<u2<u3<u4<u5<3p u4−u3=u2−u1=p u1,u2,u3,u4,u5∈Pp + u1<u2<u3<u4<u5<3p u5−u4=u3−u2=p u1,u2,u3,u4,u5∈Pp
From (2.36), (2.40) and (2.2) we obtain 1≤i<j≤4 u1<u2<u3<u4<u5<3p ui+1−ui=uj+1−uj =p u1,u2,u3,u4,u5∈Pp
(2.41) Substituting (2.32) and (2.41) into (2.27), we deduce that u1<u2<u3<u4<u5<3p u1,u2,u3,u4,u5∈Pp u2−u1,u3−u2,u4−u3,u5−u4∈Pp
Now by (2.26) we complete our proof.
Lemma 5. For any prime p ≥ 7, we have
6 (p) ≡ 0 (mod p). It is not hard to see that
l1,··· ,l6<p
Here the last congruence equality follows from Lemmas 2 and 4.
Finally, for fixed prime p, let C (1 ≤ a, m ≤ 5) denote the number of integer solutions (x 1 , . . . , x 6 ) of the equation
We need the following facts.
Lemma 6. For any prime p, we have
2 +C
Proof. By Inclusion-Exclusion Principle, we have
. It follows that
In particular, we have
(2.45)
Hence from (2.43) we see that C (m) a ≡ 0 (mod p) and (i) is proved. Furthermore, from (2.45) we deduce that
From (2.44) and (2.46), (ii)-(iv) follows by simple calculations.
Proofs of the Theorems
Proof of Theorem 1. Suppose 1 ≤ m ≤ 5 and r ≥ 1. For any 6-tuple (l 1 , · · · , l 6 ) of integers satisfying
we rewrite them as
we know there exists 1 ≤ a ≤ 5 such that
By Lemma 6, we have C (m) a ≡ 0 (mod p) for 1 ≤ a ≤ 5. Hence for 1 ≤ j ≤ 6, we have x1+···+x6=mp−a 0≤xi<p,1≤i≤6
Let r = 1 in (3.1). By Lemmas 3, 5 and 6 we deduce that
Now suppose for some r ≥ 2 we have
From (3.1) and Lemma 6 we deduce that
6 (p r+1 ) ≡ − 8p 5 S 
6 (p r+1 ) ≡ 12p 5 S
6 (p r ) − 3p 5 S
6 (p r ) + p 5 S
6 (p r ) ≡ −40p r B 2 p−3 (mod p r+1 ).
By induction on r, we complete our proof.
Proof of Theorem 2. Let n = mp r , where p does not divide m. For any 6-tuple (l 1 , · · · , l 6 ) of integers satisfying l 1 + · · · + l 6 = n, l i ∈ P p , 1 ≤ i ≤ 6, we rewrite them as l i = x i p r + y i , x i ≥ 0, 1 ≤ y i < p r , y i ∈ P p , 1 ≤ i ≤ 6.
we know there exists 1 ≤ a ≤ 5 such that Since m = n p , we complete the proof of (i). (ii) If r ≥ 2, since we have already proved that (3.3) is true for all r ≥ 2, we deduce that S (2) 6 (p r ) ≡ −4S
6 (p r ) (mod p r ) and S
6 (p r ) ≡ 6S
6 (p r ) (mod p r ). Again by (2.1), we have
6 (p r ) (mod p r ), S
6 (p r ) ≡ S
6 (p r ) ≡ −4S
6 (p r ) (mod p r ).
Hence from (3.4) we obtain 
6 (p r )
≡ mS
By Theorem 1, we have S . This completes the proof of (ii).
